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By Warner L. Stewart and W i u l a m  T. Wintucky 
The effects  of variations Fn mean-sectim velocity diagrams on two- 
stage-turbine efficiency characteristics are analyzed. The fundamental 
correlating parameter used is a work-speed parameter h ( r a t i o  of square 
of mean-section blade speed t o  required specific work output), used pre- 
vfously in single-stage-turbine efficiency studles, which is the same as 
the familiar Parson's characteristic nmber. The mnge of the parameter 
considered is that  of interest  f o r  turbojet accessory- and turbopump- 
drive turbines. The assumptions and l imi ta t ions  are the same as those 
used i n  single-stage analyses. The principal Umit, that of impulse 
conditions across aqy blade row, results i n  a raage of stage-work s p l i t  
and velocity diagram for a given A .  The points yielding the maximum 
value of efficiency f o r  a given X are used Fn describing the results. 
The efficiencies considered are t o t a l   o r  aerodynamic, rating, and s t a t i c .  
For zero exit w h i r l  a mudmum t o t a l  efficiency occurs at  h of 
0.50, the efficiency decreasing somewhat as X apprmches its lower 
limit of 0.125. AB X i s  reduced fram 0.50, the first stage develops 
progressively more work unt i l ,  at the lower Umit, a 75-25 work s p l i t  
exists. The.principa1 effect of brgosing negative exit w h i r l  is to  r e -  
duce the lower limit of X. However, as X i s  reduced from 0.125 the 
efficiency decreases wkedly ,  and the work s p l i t  tends t o   r e tu rn  t o  an 
equal spl i t .  For X below 0.25 the maximum efficiencies change only 
slightly over the range of turbine exit w h i r l s  considered. 
Canparison of the results f o r  two-stage and single-stage turbines 
shows considerable improvement in efficiency fo r  the two-stage turbine 
over the X range studied. Thus, multistaging is often  desirable t o  
obtain high efficiency. Variations in t o t a l  efficiencies of one- and 
two-stage turbines, compared  on the basis of an average stage X, are 
approximately the same. 
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INTROIUCTION 
As part  of  the  general  program  concerned  with  the  study of turbine
performance  characteristics,  the NACA Lewis. laboratory  is  currently 
analyzing  the  effect of w o r k  and  speed feqaements on turbine  effi- 
ciency.  The  fundamental  parameter X used in t h i s  analysis is  the  same 
as Parson's  characteristic  nmiber  described  in  reference 1, which  is  de- 
fined as the  ratio of the  square of the  mean-section  blade  speed  to  the 
specific work output at design  conditions. In reference 2 this  parameter 
is  used in the  study  of  the  efficiency  characteristics of single-stage 
turbines. This parameter is a lso  used  in  studying  the  effect of includ- 
ing downstream  stator  blades on the  efficiency of single-stage  turbines 
in reference 3, which  indicates  that  over a certain  range of X a signif- 
icant  improvement in efficiency is attainable  by  using  such  stators. 
In this  report  two-stage-turbine  efficiency  characteristics  are 
analyzed as a function of work and speed  requirements in terms  of  the 
effect ofcbanging the  required  mean-section  velocity diagram. The 
fundamental  assumptions  and  limits  used in references 2 and 3 are also 
used  herein.  Since  the limit of impulse  conditions across any blade  row 
(described  in  ref. 2) applies to three  blade rows in this s tudy,  the re- 
sulting  range of operation  becomes very important  and is considered  in 
detail in describing  the  consequent  limits on. the  parameters  affected. 
The  three types of  efficiency  considered  herein  are  the  same as 
those  studLed in references 2 and 3: 
(I) Tota l  or  aerodynamic  efficiency, ach include6 811 aerodynamic 
10s ses 
(2) Rating  efficiency,  which, in addition  to  the  aerodynamic  lossee, 
considers  the  turbine exit whirl a loss (ueed in Jet-engFne 
analysis 1 
(3) Static  efficiency,  which,  in  addition  to  the  aerodynamic  losses, 
considers  the  turbine exit total  velocity  head a loss (used in 
turbopuq and  accessory-drlve  analyses) 
A complete  description  of  the  analytical  results  for  zero  exit  whirl 
is presented t o  indicate  the  type  of results obtained  when the pertinent 
diagram  parameters vary as  prescribed. This case a l s o  covers  most of the 
X range  considered and is of most  interest in the  turbojet-engine  field. 
With  respect to turbopumps and auxiliary drives,  very high specific work 
outputs  are  desired,  requiring X values  below  that  obtainable  for  zero 
exit whirl wlthin the  specified  impulse  Urnit. As a result,  negative 
turbine  exit w h i r l  is  required  to  permit  reductions n x to  the  range 
of.these  turbines.  These  cases  wherein ex t whirl  is  ueed  are lso de- 
scribed,  but  in  less  detail th n that for zero  exft w h i r l ,  with  primary 
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emphasis on the  maximum-efficiency  characteristics.  The  two-stage  total- 
efficiency  characteristics  are  then  compared with the  single-stage  re- 
sults  of  reference 2 using  average  stage-work  outputs and speeds  as a 
basis  to  indicate  the  validity of extending the  results  to  turbines of 
many stages. Finaly, the  significance of assumptions  and  canstants 
used in the  analysis  is  discussed in terms of their  effects on the 
turbine-efficiency  levels  presented,  particularly at low values of X. 
METHOD OF ANALYSIS 
As discussed in the IXCRODUCTION, the  flmdamental  parameter to be 
used in relata the  two-stage-turbine  efficiency  characteristics  to  the 
work and  speed  requirements  ie  the  work-speed  parameter 1 defined  as 
v2 'h =- 
gJ& 
where U is the  mean-section  blade  speed and A h f  is  the  required  spe- 
clfic  work  output. (All symbols are  defined i n  appendzbs A.) The  equa- 
tions  relating  the  efficiencies  to  this garmeter and others defining 
the  velocity-diagram  characteristics  are  presented i  this  section. 
H f  iciency  Equations 
The  three  ty-pea of efficiency to be  considered  herein  are t o t a l ,  
rating,  and  static.  These  efficiencies  are used in references 2 and 3 
f o r  the  single-stage  turbine, and their simficance is  pointed  out  in 
the INTRODUCTION. For  the  present  analysis the total  efficiencies Or 
both  stages  are  first  considered,  since  they  must  be h o r n  before  the 
over-all  efficiency is obtained. 
Stage  total  efficiency. - The  total  efficiency of a stage,  which 
includes  the  effects of' all the  aerodynamic  losses,  is  defined as 
where %T is  the  actual  specific  work  output and Ah&T is the 
ideal specific  work  output  corresponding  to the total-pressure  ratio 
across  the  turbine  stage. The equation  relating t h i s  efficiency to the 
work-speed and velocity-diagram  parameters  is  derived  in  reference 2 as 
'ST 
'ST 
- 
+3c 
4 
where 
B = K -  A 
W 
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and 
In equation (3b) the  subscript 1 represents that stat ion between 
the  stage  stator  and  rotor. This equation is derived  in  reference 2 by 
use of a number  of  assmptions. Although this derivation  is  not  pre- 
sented  herein,  the  assumptions  involved  are  briefly  revlewed: 
(1) The  stage  specific  enerQy loss q d , S T  - AQT is  assumed 
equal  to  the sum of the  stator  and  rotor  specific  losses + h. 
These  blade  losses,  expressed  in  units of Btu per pound,  are  defined  as 
the  difference  between  the  ideal  and  actual  specific  kinetic  energy  ob- 
tained through expansion to  the  blade  exit  static  pressure.  The validity 
of  this assmption is  investigated in appendix C of reference 2, where 
it  is shown to  be  correct  except for the small effect  of  absolute  en- 
thalpy  variations through the  stage. 
(2) The  stage  specific loss ' L-R + $ is  assumed  proportional  to 
the  surface  area  per  unit  weight  flow and the specific  kinetic-energy 
level  of  the flow; that  is, 
This assumption can  be shown to be  valid from boundary-layer  considera- 
ti ons . 
(3) The specific  kinetic-energy  level E is  assumed to be repre- 
sentable  by  the  average of the  specific  kinetic  energies  entering and 
leaving  the  blade  rows  where  the  velocities  involved  are  relative  to 
the  blade  rows. 
Throughout the  analysis,  the conskt af proportionality K and 
ratio  of  surface  area  to  weight fluu A/w are  assumed  canstant,  yielding 
a constant  value of B. The  same  value  of B = 0.030 used for the  single- 
stage  analyses  is  used  herein. Then, after  the analysis is presented, 
the  significance  of  these  parameters (K, A/w, and B) is di6CU~ed i n  
terms  of  their  effect on the  efficiency  levels  presented. 
- 
One  other  parameter  requiring  cansideration  is (Vz)av/gJAhkT ap- 
pearing in the  term C of equation (3). During  most of the single- 
stage  analysis,  this  parameter was assumed  constant at 0.49, a value 
corresponding  approximately to t ha t  encountered in a number of 
turbojet-engine  turbines  fnvestigated  at  the Leuis laboratory.  For  the 
subject  analysis it  is  assumed  that (V:},,/gJahl = 0.245, where Ah' 
represents  the  total  specFfic  work  output of the two stages.  The ai@pif- 
icance of this  parameter  is a l s o  dtscuased  Later.  The speciffcation of 
the  parameter (v$),/gal requires an alteration in the first  term ~f 
equation (3b) as follows: 
Introducing 
and 
then 
Equations (3) and (4) can now be used in obtaining the  equation f o r  
the  total  efficiency of the  two  stages. Figure 1 presents  the  velocity 
diagram  and  station  nomenclature for two-stage turbues. Using this 
namenclature  and  equation (41, equation (3) can  be  altered  to yield the 
following  equation  for  the  first-stage  total  efficiency: 
6 
where 
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B = K -  A 
W 
and 
A slmilar set of equations f o r  the second-stage total  eff ic iency 
can also be written as 
h.L 
where 
B = K -  A 
W 
and 
The last expression occurs as a re su l t  of s t a to r   i n l e t  w h i r l .  
Over-all total  eff ic iency.  - The general equatfon f o r  the over-all 
total  eff ic iency of the  two-stage turbine is 
where Ah' is the to ta l  spec i f ic  work output across the turbine, and 
Ahid i s  the ides1 specific work output corresponding t o  the t o t a l -  
pressure rat io  across  the turbine. If the effect of reheat is not 
considered, 
- L q  +&i 
T =  
q d , a  + &ld,b 
. 
7 
If the numerator and denaminator of equation (8) are multiplied 
* o w  by 
the fo l lowing  equation i s  obtained: 
Finally, using the definitions of q,, %, X, and lb, 
Throughout the major portion af the report, the effect of reheat is 
not considered, as  this would require  specification of an enthalpy level. 
A t  the conclusion of the report, however, the significance of thie reheat 
effect  i s  discussed i n  terms of i ts  ef fec t  on the efficiency levels pre- 
sented. The derivation of an efficiency equation similar t o  equation (9) 
but including this reheat ef fec t  i s  presented in appendix B. 
Over-all ratiw efficiency. - As indicated i n  the INTROIXJCTICN, when 
a turbine i s  used fn a jet engine, the  kinet ic  energy involved i n   t h e  
turbine exit w h i r l  is  considered a loss, because t h i s  w h i r l  does not con- 
t r ibu te  t o  engine thrust .  The equation f o r  this efficiency is derived i n  
reference 2 for single-stage turbines. For the two-stage turbine, it is 
desired to use the turbine exit-whirl parameter Vu,$/AVu,b i n  t h e  
rating-efficiency equation, as follows. Neglecting enthalpy levels as 
was done in reference 2, equation (19) of that reference can be rewritten 
here f o r  two-stage turbines with appropriate nomenclature as 
8 NACA FM E5WI-2 
I 
Then, using the definitions of Xb, X, and 7, 
n 
9x = 1 2 
Over-all s ta t ic  eff ic iency.  - The ~ O D U C T I O N  also points out that 
i n  many applications  the  turbine  ef'ficiency i s  based on the   ra t io  of $ 
t o t a l  to static  pressure;  that is, the en t i re  exit kinetic energy is con- 0 
sidered a loss. An equation f o r  t h i s  efficiency can be written in a form 
s"r t o  equation (10) as 
If it is assumed that V$,4 = (V:), (as in  re f .  2) ,  the equation f o r  
qs can f ina l ly  be written as 
- 
As stated i n  deriving the stage total  efficiency, in t h i s  analysis 
(Vg)av/gJh' i s  t o  be specified a. constant and equal t o  0.245. 
Work Considerations 
The over-all work-speed parameter can be related t o  those of the 
two stages through consideration of the work and speed characteristics. 
The total  turbine work output is, of course, equal t o  the sum of thst 
being developed i n  each stage; that is, 
. 
ah' =Ah; + L q  
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Dividing through by U2 and multiplying through by gJ yields 
Finally, using the deffnitions of X, X, and Xb, 
Exit-Whirl Cansiderations 
As wil be described later, the turbine e x i t - w h l r l  parmeter 
vu,4/Avu,b i s  t o  be considered one of the major variables. It i s  here 
desired t o  obtain an equation f o r  Vu,g/.Vu,b i n  terms of this param- 
eter f o r  later me. By definition, 
'u,3 - vu,4 = *'u,b 
Theref ore, aviding through by AQu,-, and solving f o r  vu, 3/A%,b yield 
vu, 3 vu, 4 
*'u, b *'u, b 
= 1 +  
Calculation Procedure 
The equations involved i n  the two-stage-turbine efficiency calcula- 
t ions f o r  a e v e n   s e t  of conditicms have a l l  been presented. These 
equatians are (51, (6), (91, (111, (12), (13), and (14). These equa- 
tions are  presented in functional form in table  I together with an out- 
l i n e  of the procedure used. Table I (b)  shows that four of the pram- 
eters  are  required f o r  solution of the equations and th&t a range of 
values must be specified. The limits imposed on these ranges are a s -  
cussed i n  the following section. Once particular values of these four 
pmameters are selected, a l l  the equatfons can then be solved, as indi- 
cated in  table I (b)  . 
I i h i t S  
The ranges of the four parameters, Vu,g/AVu,b, A, Ab,  and 
VU,l/AVu,a, required to calculate turbine efficiency characteristics are 
10 - NACA RM E57F12 
obtained from considerations of certain aerodynamic UmLtations, some 
absolute and others arbitrarily selected t o  encompass a range of inter-  
est. These limits will now be described in  de t a i l .  
Turbine Mt-wurl parameter vu ~ / A v ~  b. - In  selecting the range 
of the turbine e x i t - w h i r l  parameter Vu,4/AVu,b, the use of positive 
values was not considered, because (1) maximum to ta l   e f f ic ienc ies  do not 
occur i n  this range and (2) the positive whirls contribute to reductions 
in  the  ra t ing  and stat ic  eff ic iencies .  Therefore, zero exit w h i r l  was 
selected as the upper Umit. As will be shown, negative w h i r l s  permit a 
reduction i n  X frcm that permitted for zero exie whirl and are, there- 
fore, of considerable interest. A lower Limit on this parameter was 
selected t o  be -0.4, since this nlue was considered a lower limit an 
the range of f eas ib i l i t y  and interest .  Thus, 
*- 
CJl 
w 
crl 
represents the range of this parameter considered. . 
Over-all work-speed parameter x. - The lower Umit inposed upon the 
range of 1 was selected with regard to the reaction characterist ics of 
the two rotors and interstage stator.  The f i rs t -s tage s ta tor  was not 
considered, since it always has h i g h  reaction. Tu general, experience 
has shown that when negative reaction (i.e., a static-pressure rise 
across a blade row) i s  encountered, large increases in the blade losses 
occur. In v i e w  of' this experience, a limit of impulse across any blade 
row i s  specified for this analysis (as i n  the  single-stage-turbine anal- 
ys is  of ref. 2). Since constant axial. cmponent of velocity i s  assumed, 
impulse conditions occur when the re lat ive whirl velocity leaving the 
blade row i s  equal t o  but opposite i n  sign from the relative  entering 
whirlvelocity.  The impulse limits f o r  the three blade rows m y  then be 
expressed as follows: 
First-stage  rotor: Wu,l = -Wu,2 (164 
Second-stage stator:  Vu,2 = -V u, 3 
Second-stage rotor: W = -W 
u, 3 u, 4 
The first-stage-rotor impulse limit CEU be considered i n  8 manner 
aimi lar  t o  that for the single-stage turbine of reference 2. Since 
N 
A 
u_ 
J 
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the equation 
can be obtained wfth equation (la). Then, since 
VU, l  = %,I + 
the equation 
11 
is easily obtained. 
With respect to the second-stage-stator Fmpulse limit, l e t  equation 
(16b) be m o d i f i e d  t o  
vu, 2 'u,3 *'u,b U 
%,€l 
- " 
*'u,b Avu,a 
- 
equation (18) is  modified t o  y i e l d  
The impulse limit on the second-stage rotor  (eq. (16c)) can be 
t reated simihrly t o  that of the f i rs t -s tage rotor, to yield 
Then, us- equation (14), 
12 - NACA RM E5ZPL2 
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The  lower  limit  of X occurs  when a l l  blade r m  except  the  first- 
stage  stator  reach  Fmpulse  conditions  simultaneously.  When  this lim t is 
specified,  equations (17), (ZO), and (21) can be  used  with  equation (13) 
to solve  for X in terms  of Vu,g/AVu,b to  yield 
x =  
1 vu.4 
This  lower  limit of X is  presented in figure 2 as a function of 
Vu,4/AVu,b. As negative  exit  wkirl  is  imposed,  the  permissible  value 
of X is  reduced,  going to zero  at v ~ , ~ / A v ~ , ~  = -0.5. Of course, a 
practical  lower Umit of h exists.  Reference 3 indicates a practical 
single-stage-turbine  lower  limit  of 0.10. Using  this limit as a stage 
limit  for  the  two-stage  turbine, 8 practical  lower  limit on the  order of 
0.05 resulta. 
The  upper limit imposed upon X was somewhat  arbitrary  but  in- 
tended  to  cover  the rage considered of interest.  For zero exit w h i r l ,  
the upper  limit  of X was selected  as 0.50, since t h i s  could  be  ob- 
stage and total  efficiency  (see  ref. 2).  The  upper limit of X, which 
was arbitrarily chosen as  the  lowest h for a given  exit whirl at which 
there  would  be an equal  work  split  (ha = Ab), is a l s o  shown in  figure 2. 
This also corresponds  to  impulse  conditions  across  the  second-stage 
rotor. A larger X for  the  same  exit  whirl was not  considered,  since 
it  would  be more advantageous to go  to  less  exit wMrl. 
tained  with X, = Ab = 1, a most  conservative  value  that  yields maxtmum 
Second-stage  work-speed  parameter  Ab. - For specified  values  of 
vu,4/Avu,b  and x, 8 range of Xb must  be  selected. For a given  value 
of X, variations in Ab  result in variations in the work sput between 
the  two  stages  (eq. (13) } . AS hb is  increased,  the  first  stage  pro- 
duces  progressively  more  work  output.  The  upper limit on thls pameter 
will then  be  at  point  where  impulse  conditions e x i s t  across both  the 
first-stage  rotor  and the second-stage  stator.  Therefore, using equa- 
tions (131, (17), and (20) gives  the  following.-equation  for  this  upper 
limit  of Ab: 
MACA RM E57F12 - 13 
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As xb is  reduced,  the  work  split of the  turbine  is  altered,  the 
second  stage  producing  progressively  more  work  output. The lower  limit 
on Xb wil then  occur at hpulse conditions across the  second-stage 
rotor.  Equation (21) cas  theref  ore be rearranged as follows to obtain 
this  lower  lfmit  for a given  turbine  exit  whirl: 
First-stage-stator  exit-whirl  parameter Vu l/AVu a. - For specified 
V&UeS Of '(Tu,*/..vu,bJ X, and xb, a m e  Of Vu,l/AVuy, DlUSt  be  Be- 
lected.  Variations in this  parameter  result  in  variation n the  split 
of whirl  between  the  entraace  and  exit of the first-sme rotor by the 
equation 
The  upper  lFmit on Vu, 1/AVu,+ occurs  when bpulse conditions 
exist  across  the  first-stage  rotor.  Therefore,  equation (17) as written 
defines  the wper limit an this  parameter,  since X, is known, given 
1 a d  (eq (13)). 
The lower limit of VU,~AVuJa. occurs  when  impulse  conditions  exist 
across  the  second-stage  stator.  Equation (20) can be used  directly t o  
obtain  the  lower  limit on this  parameter (Aa can again be obtained  using 
e¶* (13)). 
Once  the  limits on the  four  parameters  were  determined, a sufficient 
number of pohts were  arbftrarily  selected  between  these  lFmits to eetab- 
lish  with  sufficient  accuracy  the  trends of the  results. m e  calcula- 
tions  of  the  efficiency  characteristics then proceeded. 
In presenting  the  results of the  two-stage-turbine  efficiency -1- 
ysis,  attention  is  first  given  to  the conution of zero exit whirl, 
since  this  condition  exists oyer most of the 1 range st&ed and 
is of considerable  interest in the  turbojet-engine  application.  The 
turbopump-  and  auxiliary-drive  turbines,  are  then  discussed.  Next,  the 
efficiency  characteristics of the  two-stage  turbine  are  compared  with 
those  obtained  in  the  single-stage  analyses of references 2 and 3. 
1 effects of exit whirl,  which  are of principal  interest  with  respect to 
t 
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Finally, the  si@ificance of assumptions  and  constants used in  the anal- 
ysis  are  discussed in terms of their  effect on the  turbine-efficiency 
levels  presented,  particularly  at low A values. 
Zero B i t  Whirl 
General  efficiency  characteristics. - The  two-stage  -turbine  over- 
all efficiency  characteristics  for zero  exit  whirl (v~,~/Av~,~ = 0) a r e  
presented in figures 3 and 4. Figure 3 shows  the  totai-efficiency  char- 
acteristics,  which  for t h i s  case  are  the  same  as  the  rating,  and  figure 
4 presents  the  static-efficiency  characteristics. In order  to  permit a
distinction  between  the  various grou-ps of goints as w e l l  a6 to  discern 
easily  those  conditions  which  yield  the peak fficiency,  efficiency  is 
presented as a function of the  first-stage-stator  exit-whirl  parameter 
Vu,l/AVu,a,  with X and X b  as  parameters. 
The  reaction  limits  are shown in figures 3 and 4 in the  following 
manner : 
(1) The  circles  of Ab = 0.50 represent  second-stage  rotor m u b e  
conations (eq. (21)) . 
(2) The  dashed  lines  represent  second-stage-stator  impulse  condi- 
tions  (eq. (20) 1. 
(3) The  dot-dashed  lines  represent  first-stage-rotor  impulse  con- 
ditions  (eq. (17) ) . 
At X values  equal to or  below 0.25 these  three  limits box in an area 
of permissible  operation,  this area rapidly  decreasing as x I s  reduced. 
At the  lower limit of X = 0.125 (see fig. 2) the area is zero,  yielding 
a one-point  operation.  The "ts are  not  shown  for x greater than 
0.25, because at these  values  the  turbine  is  quite~~corisekmtive,  the 
average ksT being 0.50 or greater. The stages therefore move 
away frm impulse  conditions at X values  greater than 0.25 unless they 
are badly mismtched with large  differences  between x, and hb. 
Inspection of figure 3 shows that, for a given x, a certain  combi- 
nation of Ab and Vu,l/AVu,a yields maximum total  efficiency.  Compar- 
ison of these  points  with  corresponding  points  in  figure 4 shows that 
they a lso  yield  the peak static  efficiency.  Consideration of these 
points is important, since  this mxhum-efficiency condition i s  usually 
desired,  as  discussed in greater  detail in the  next  section.  However, 
for a given X, the  peak-efficiency  point  lies on a fairly flat  curve, 
so that a wide  spread  of  Ab  and V,,,/AV~,, at a given X results 
in only a small penalty in efficiency. 
.NACA RM E57F12 15 
Maximum-efficiency  characteristics. - Flgure 5 presents  the maximum 
total-  and  static-efficiency  points  fram figures 3 and 4 as a function 
of the mer-all work-speed  parameter X. In the  range of X frm 0.25 
to 0.50 the  efficiencies  do not v81y to any great extent (0.89 and 0 -81 
at h = 0.50 to 0.88 and 0.79 at X = 0.25). As X is  reduced  below 
0.25, the  efficiencies  decrease  markedly,  reaching  values of 0.82 and 
0.74 at the  lower  limit of X = 0.125. The static  efficiency  is, of 
course,  less  than  the total efficiency,  because  the  exit  velocity  head 
is considered a loss in  the  former. 
The  work  split of the  two  stages  corresponding  to  these maximum- 
efficiency  conditions  can  be  obtained  fram  figure 6, which  presents the 
ratio of second-stage  work  output o total  work  output &/Ah‘ as a 
function of the  over-&  work-speed m e t e r  x. 5 s  ratio is easily 
obtained f rom the  equation 
bh& ah‘= 
The  figure  shows that, at X =I 0.50, the first stage  develops half 
the total  work  output;  that is, the  work  split of the  two  stages is 
50-50. As X is  reduced,  the  first  stage  performs  progressively  more 
work,  until a work  splft of 60-40 is obtained at h = 0.20. Below 
X = 0.20 the  work  split  changes  much  more  severely in the same direc- 
tion,  until  at  the  lower llmit of‘ X = 0.125 a splLt of 75-25 is  ob- 
tained. This trend  occurs  because  the  exit-whirl Umitation forces  the 
first  stage to do a progressively  larger percenbge of the  work. 
Efect of  Turbine  Ecit Whirl on Maximmn-Ef’f’iciency  Characteristics 
The  discussion of the W t s  imposed on 1 pointed  out  that,  as 
negative  turbine exit whirl is Imposed, the  two-stage  turbine  is per- 
mitted to increase  2ts  work  capabilfties for a given  blade  speed - that 
is, to operate at X values  below 0.125. The  efficiency  characteris- 
tics of the two-stage  turbine  were  therefore  computed  over a range of 
exit-whirl  parameter  VU,4/AVU,b  fram  zero  (already  described)  to -0.4 
in increments of 0.1. For each  value of this parameter, a cmplete set 
of calculations  were  made  sfmilar  to  those  presented for zero  exit 
whirl in figures 3 and 4. An example of the  results  obtained  for  these 
W r l  cases  is sham in figure 7 for Vu,*/AVu,b of -0.2. [Since the 
use of this  exit  whirl  yields  rating  efficiencies afferent fram total 
(see  eq. (U)), an additional graph is requir& in describing the effi- 
ciency  characteristics.] 
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Inspection  of  figures 7(a) and (b)  shows  not only that  the  total 
and  rating  efficiencies  are  different  but  also hat, for a given X, the 
peak  efficiencies  can  occur at different  values  of  Ab.  Therefore, in 
describing  the  effects of exit  whirl on the  maximum-efficiency  character- 
istics of the  turbine,  these  differences  must  be  considered.  Table I1 
presents  the  values  of maximum total, rating, and static  efficiency as a 
function of for a l l  the  whirl  cases  considered, along with  the COT- 
responding  values of Ab and Vu, ,/AVU,, . For  values of X of 0.25 
and  less,  these maximum efficiencies OCCUT at VU,,/AVu,, of approxi- 
mtely 2/3 regardless of w h i r l .  w 
.. 8 
The maximum efficiencies In table I C  are  presented  in  figure 8. 
The  points  for zero  exit whirl  are,  of cowse, the m e  as  those  pre- 
sented in figure 5. Figure 8 shows that imposing progressively  more 
negative  exit  whirl  permits a reduction  in  the  permissible X, a fact 
already  described in the  discussion of the Limits imposed  on X. The 
figure  also shows that,  for a given A where a range  of whirls can  be 
considered (X = 0.125, e .g. ) , imposing  negative  exit  wbirl  does  not re- 
duce  the  efficiency. In fact,  the  total  efficiency  Fmproves  somewhat  as 
the  whirl i s  imposed.  This  is  true  because  the  second-stage  velocity 
diagram  apprsaches  that  corresponding  to  the mudmum stage  total  effi- 
ciency  described in reference 2. The hprovement inthe total  effi- 
ciency  offsets  the  reductions i  rating and static  efficiencies  that 
would occur  because  of  the  added  exit-whirl .loss, s o  thit these-  effi- 
ciencies vary only slightly  with w h i r l .  As a result of these  effects, 
curves  can  be drawn through  the  point6  of maximum efficiency to describe 
the  efficiency  trends  very  closely.  These  curves  are  uied  later in cam-
paring  the  results  with  the  single-stage  results of' references 2 and 3. 
.. 
. .  
c 
. 
Figure 8 shows  t&at  the  efficiencies  decrease  markedly at low values 
of X. For example, q decreases  from  appr0arlmA.tel.y 0.83 at X = 0.125 
to Ebpproldmately 0.74 at X = 0.05. This rapid  decrease  in  total effi- 
ciency  at low X values,  which  is  discussed at length in reference 2, 
is  attributed  to  the  increased  viscous losses incurred  when  extracting 
the turbine w o r k  through  use  of  increased  flow  velocities.  The  effi- 
ciency, of course,  decreases  to ze ro  as X -t 0. 
The decrease in <x is even more  marked  than  that  of '1. For ex- 
ample,  declines from c) .82 a.t X = 0.i25 .-Co approximately 0.61 at 
X = 0.05. This difference is due  to  the  increased  whirl  necessarily 
imposed at the low X values,  which  is  considered as a loss in  computing 
qx. The  trends  in ?is shown in figure 8 are  the same a8 those of fi,. 
The only difference  is  that  the  level is ower  because  of the additional 
loss of  the axial component  of  dynamic pressure. 
- 
KJ m 
M 
M 
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Frau the  result ,s presented in figure 8, it  can be con 
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.eluded that, 
in  the l o w  ranges  of 1 desired for turbqpms and accessory-drive  ap- 
plications,  relatively low efliciencies must be  expected cmpred with 
those  obtained at the high x values  used  in  turbojet-engine  applications. 
Effect of Turbine Ekit Whirl on Stage-Work  Split 
Table 11 includes a cmpilation of the  ratio of first-stage  work  to 
over-all work for the maximum rating  and  static  efficiencies  used in 
figure 8. These  ratios  are  shown in figure 9 as a function of X. The 
zero-exit-whirl  points  are  the sane as  those  used in figure 6 .  For a 
given  value of exit  whirl  the  lower limit of X is the  value  correspond- 
ing  to  impulse  conditions i  the  two  rotors  and  the  second-stage  stator, 
as  previously  discussed.  Since  this  condition  specifies  one-point  oper- 
ation,  the  efficiency  obtained  is  the  peak  efficiency  and  the  point 
represents a lower limit on X. The  lower-limit  points in figure 9 re- 
sult in a straight  line  (dot-dashed  line)  passing through m equal work 
split Ah&/&' = 1 / 2  at x = 0. Equations ( 2 2 )  , (a), and (13) can  be 
used  to  solve  for  the  equation of this  limiting  curve to give 
& = 2 X + H  1 
In figure 9 this  impulse-limft  curve  conibines with that  for zero 
exit whirl  (solid  line)  to  envelop  the  other  points  considered.  These 
two  curves  intersect at the maxirnmlrm work  split of 75-25. Figure 9 shows 
sane scatter in the  points,  since  the  efficiencies have a fairly flat 
peak  and  the  calculated  points  were not necessarily  at  the  absolute 
peak. It can  be  concluded,  nevertheless, that the  general  effect of im- 
posing  the  negative  exit  whirl  is to equalize the work of the two stages. 
Comparison with  Single-Stage  Results 
As pointed  out i n  the  section -OD OF AwAI;YSIS, the same funda- 
mental assumptions  and  limits used for the  single-stage  analyses of ref- 
erences 2 and 3 are used herein.  Consequently, 8 direct ccanl?a;riecm of 
these  results can be made to indicate the effect of staging OIL the  level 
of turbine  efficiency. This comparison  is made in figure 10, where  the 
over-all  total,  rating, and static  efficiencies  are  presented 8 s  a func- 
tion of 1. The  curves  representing  the  maximum-efficiency  characteris- 
tics  of  the  "stage  turbine  are the faired  curves  of  figure 8. The 
curves  representing  the  efficiencies obtained in the  single-stage-turbine 
analysis  corresponding  to maxinum rating  and  static  efficiencies are fram 
figures 9 to l l  of reference 2 .  For  the  range of X considered,  these 
cmves are for  impulse  conditions  across  the  rotor.  Fiually,  the  curves 
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representing  the  efficiency  characteristics  of  single-stage  turbines 
utilizing  downstream  stators  designated a lrstage turbine  are  taken 
f'rom figures 5 to 7 of  reference 3. The  range of X shown in figure 10 
is that  considered  of  interest in the  two-stage-turbine  analysis (0 to 
0.50). 
( 1 ) 
The  two-stage  turbine has the  highest  total  efficiency  over  the 
range  of X considered.  This  is  true  because,  for  the  same X, each 
stage  of  the  two-stage  turbine ca  operate at a much  higher hST and 
consequently  at  higher  stage  efficiencies.  The  total  efficiency of the 
1Fstage turbine  is  lower  than  that  of  the  single-stage  turbine  because 
the  upstream  stator  and  rotor  are  no  more  efficient than the single- 
stage  turbine,  while  the  downstream  stators  add  to  the  viscous loss and 
then  reduce  the  total  efficiency  from  that  of  the  single  stage. 
1 
The  two-stage  turbine a l s o  has the  highest  rating  efficiency,  the 
difference  between  these  results  and  those  for  the  single-stage  turbine 
becmi'ng  more  pronounced.  The  greater Werence is a result of the 
large  amounts of negative  exit w h i r l  required in the  single-atage  tur- 
bine,  especially in the  low X range,  to  maintain  the  rotor  at  impulse 
conditions.  The  curve  for  the  &stage  turbine,  which  lies, in general, 
somewhere  between  those  for  the  single-  and  two-stage  turbines,  indi- 
cates  the  range  of X wherein  the  downstream  stators  offer an efficiency 
advantage in the  operation of single-stage  turbines.  However,  even  with 
these  stators,  the  single-stage  turbine  does  not  yield  rating  efficien- 
cies  that  approach  those  of  the  two-stage  turbine. 
2 
The  trends of the static-efficiency  characteristics  are  the  same 
as  those of the  rating  efficiency,  except  tihat  the  difference in  effi- 
ciency  levels  for  the  single-  and  two-stage  turbines  is much more pro- 
nounced. This increased  difference  is  attributed  to  the  assumed  values 
of  the  parameter (V~)av/@;Jhh' used  in  the  analyses.  For  the  single- 
stage  esalysis  ($)av/gUhl was 0.49, whereas for the  two-stage anal- 
ysis  it is 0.245. & a result,  the axial component of turbine exit dy- 
namic head  is a much  larger  percentage  of  the  single-stage-turbine  work 
output  and,  consequently,  reduces  the  static  efficiency  considerably. 
Thus, figure 10 shows that, for the  three  efficiencies  considered, 
the  two-stage  turbine yields the  greatest  efficiency over the  range of 
X considered.  These  results  indicate  the  desirability  of  multistaging 
in many turbines  in w h i c h  high efficiency is important at low X values. 
Furthermore,  for a given efficiency  level,  multistaging becmes desirable 
in order to achieve mfnimm values  of X. For turbopump  applications, 
where  the  blade  speed is fixed  because of stress  considerations,  the 
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increase  in  specific work output  obta€ned with a multistage  turbine  re- 
sults i n  a corresponding  reduction in the  turbine  weight flow. 
M 
v) 
M 
T- 
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Hficiency Comparison Using an Average  Stage  Work-Speed  Parameter 
In many applications in which  extremely law work-speed  parameters 
are  Incurred,  it  becomes  necessary  to w e  several  turbine  stages in order 
to operate  at  such a value  of  stage  work-speed m e t e r  as to obtain 
reasonably high efficiency.  One  method  of extenaing the results of t h i s  
analysis  to  the  cases  for  Khich  the  additional  stages  are  required  is to 
study  the  total-efficiency  characteristics using an average  stage spe- 
cific work AhbT,av. This average  stage  specific  work can be  used to ob- 
tain an average hsT, defined as XST,aV = ~2/&+~,~~. A rebtton be- 
tween ‘ST, av and x can then  be  obtained as 
‘ST,av = hn 
where n is the  number of stages  involved.  The  mean-section  blade 
speed  U2  that  would  be used in the  equation  for X and XST,av would 
represent  the  average of the  blade  speeds  for each stage. 
The  single-  and  two-stage tow1 efficiencies  are c-red on this 
basis in figure ll. The range of X S T , ~ ~  considered is fraan 0 to 1.00, 
unity  being  that  value  yielding  the maximum stage t o t a l  efficiency.  For 
the  two-stage  turbine,  the mxbmm total-efficiency  points fram table II 
are used;  for  the  single-stage  turbine,  the  zero-exit-whirl  condition 
described in reference 2 is used  for X S T , ~ ~  from 0.50 to 1.00, and 
below 0.50 impulse  conditions m e  used. 
As shown in figure 11, the  total-efficiency  results  for  the  sfngle- 
and  two-stage  turbines  correlate  fairly w e l l  on an average  stage-work 
basis. Thus, it  appears  that  the  trends of t h i s  figure  could  be  used  in 
the  study of multistage  turbines.  For  example,  if a total  efficiency of 
0.80 is  desired  and an over-all  work-speed  parameter x of 0.02  is a- 
posed, from figure l l  a value of x s ~ , ~ ~  of approxlrnately 0.20 is 
required. Thus, 
This example  does not account  for  the  effect of reheat  between 
stages,  which in a multistage  turbine  could  possibly  reduce  the  number 
of stages  considerably. This amlysis is  intended  merely to serve as a 
rough guide f o r  -estimating  the  number of stages of a turbine  with h i g h  
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specific  work  output.  In  extending  the  results  of  this  analysis  to  the 
multistage  turbine,  the  rating  and  static  efficiencies  are  not  con- 
sidered,  because  these  efficiencies  are a function of varfoue components 
of the  turbine  exit  dynamic  pressure.  Since t h i s  pressure,  in  general, 
would  not  vary in prqportion  to  the  number at- sbges, a correlation 
similar to  that  for  the  total  efficiency  could  not  be  expected. 
" 
Significance  -of  Assumptions  and  Constants  Used  in Analysis .- 
rp w cn w 
Four of  the  assumgtions  and  constants  used in the analysis will now 
be  discussed in terms  of  their  effect on the  efficiency  levels  presented., 
particularly in the low range  of A where  some of the assumptions  are 
questionable.  These  effects  are  studied  for X of 0.20, O . U ,  and 
0.042, with  corresponding exlt whirls of 0, -0.2, and -0.4. These  are 
three  of  the  maximupefficiency points presented in table 11. The  cal- 
culated  results  obtained  in  the  study  of  these  four  effects  are  pre- 
sented in figure 12 and  are  described  in detail in the follawlng para- 
graphs. 
. .  
Effect  of  variation in weight flow. - The  effect of variations i n  
weight  flow on single-stage-turbine  efficiency  characteristics is de- 
scribed in considerable  detail in reference 2. In this  study  it was 
assumed that  variations  in  weight flow affect  two of the  parameters  used 
in  the  analysis.  These  parameters  are 
B = K - % -  w w  
A 1  
and 
The values of B = 0.030 and (Vz)av/gJAh = 0.245 assumed in the 
analysis  were  obtained  from  reference 2 and &re based on turbojet-engine 
turbines  where  high  equivalent  weight  flows  per unit f ontal area are 
required. In turbopmp and  auxiliary-drive  applications,  however,  very 
low equivalent  weight  flows  per  unit  frontal  area  are  encountered. Thus, 
it  is  fmportant  to kn w the  effect of t h i s  characteristic on the  effi- 
ciency  levels  in  the low X range  where  these  drive-turbines  operate. 
The  effect  of varying B and (V~),v/giUh' in the mnner prescribed 
by equations (29) and (30) is presented  for  the  three  examples in figure 
12(a) in  terms of a weight-flow  ratio  w/wr,  where wr is  that  weight 
flaw  corresponding to B = 0.030 and  (V$)av/gJAhl = 0.245. The general 
L 
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effect  of  reducing the weight  flow  is  to  decrease  the  total  efficiency, 
t h i s  effect  becaning  more  pronounced  as X is  reduced. Similar effects 
can be  observed  for  rating  efficiency.  The  trenda of the static  effi- 
ciency  are  somewhat  different  because of the  reduction in ex52 axial 
kinetic  energy as  the  weight  flow  is  reduced. At x = 0.20, qs first 
increases  and  then  decreases  as  the  weight flow is  reduced;  while at 
X = 0.042, Ts decreases  steadily  aa  the  weight flow is reduced. 
It may be  concluded  that,  in  general,  the  effect of r duction  in 
weight  flow is to  reduce the efficiency  levels frm those  presented in 
the  analysis. Thus, with respect to weight f l o w  alone,  the  efficiencies 
of turbines  for  turbopump  and  auxiliary-drive  applications will probably 
be  below  those  presented  in  figure 8. 
Effect M increases in K. - The  constant of proportionality K 
appearing in the  term B relates  the  kinetic-energy loss  per unit sur- 
face area to  the  average  free-stream  kinetic-energy-  level of the gas. 
Since no absolute  values of K are  used,  increases In K must  be 
studied in terms of increases in B in the  total-efficiency  equation 
(3) 8.6 " 
The  effect of increasing K in this  manner  on  the  efficFency  char- 
acteristics  for  the  three  examples  is  shown fn  figure 12(b). For a l l  
levels  considered,  increases in K result i n  considerable  reduction in 
efficiency,  this  reduction being much m o r e  pronounced  at  very low X 
values. 
Increases in K from the  level wed in the analysis will probably 
occur  in  turbopump and awdliary-drive turbines  as a result  of a number 
of considerations,  including the following: 
(I) Reduction in Reynolds  number 
(2) Increased  required  trailing-edge blocbge , a s  a result of practi- 
cal l b i t a t i o n s  with small blades 
(3) General dimensional and  tolerance  problems  that  occur with small 
blading 
(4) Increased  effects of tip  cleasaqge  or seal leakage 
(5) &crease in effective IC when  partial admission is used,  due to 
eddy5ng and unsteady  effects in the  unused  portion f the  rotor 
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(6) Use of supersonic flow mch numbers that could introduce high 
shock losses 
Frm consideration of these and other  effects it i s  clear that large 
reductions in   e f f ic iency   leve l  from that presented in figure 8 would oc- 
cur  for  these drive-turbines a s  a re su l t  of significant increases i n  K 
alone. 
W e c t  of increases   in  exit axial kinetic energy. - . I n  the calcula- 
t ion of the s ta t ic  eff ic iency (eq. (12)), the axial cmponent of kinetic 
energy a t  the turbine ex5t was asaumed equal t o  the average acroes the 
turbine. In general, however, the axial component of kinetic energy in- 
creases from turbine inlet t o  ex i t  and, as a result ,  the ex i t  axial 
kinetic-energy level i s  somewhat greater than the average. The signifi- 
cance of this ef fec t  i s  shown in figure 12(c),  where efficiency i s  shown 
as a function of the r a t i o  of exit axial kinetic energy t o  average axial 
kinetic energy, that i s  
O f  course, the t o t a l  and rating efficiencies are unaffected, since this 
r a t i o  does not enter into the calculations. The s ta t ic  eff ic iency i s  
considerably affected, however, ys decreasing as the r a t i o  i s  increased 
above 1. The effect  is most pronounced a t  increased h because of the 
higher (see eq. (12)). Thus, it is  evident that the  levels of s t a t i c  
efficiency presented i n  the analysis are samewhat  greater than those ex- 
pected  werimentally.  
Effect of reheat. - I n  the derivation of the equation f o r  over-all 
total   eff ic iency (eq. (9) ) , the reheat effect  was not considered; Ahj. 
was merely added t o  q d , b  i n  the denaninator of equation (8). I n  
order t o  determine the significance of the reheat effect, an equation 
f o r  7 i s  derived i n  appendix B similar t o  equation (9)  but including 
these effects. The parameter chosen t o  describe t h i s  effect  i s  the 
r a t i o  of specific enthalpy drop acro6s the turbine t o  i n l e t  enthalpy 
level  &I/%. TM.~ equation is 
d,a 
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Neglecting the effect of reheat merely assumes that A h f &  + 0 o r  that 
the change i n  enthalpy i s  much less  than  the  enthalpy  level. 
The efficiencles were craaputed f o r  the three examples Over a range 
of Ahl/hb with q cmputed frm equation (B6). Figure U(d) shows 
that the general effect i s  t o  increase the  eff ic iency  level   to  same de- 
gree. For example, i f  A h 1 / %  = 0.30, the reheat effect  increases the 
efficiency level 1 t o  2 points. Thus, t h i s  reheat effect  offsets  t o  a 
small extent  the  reductions  in  efficiency  caused by the  factors  previous- 
l y  described. 
An analysis of the  effect  of work and speed requirements on the ef- 
ficiency characterist ics of two-stage turbines has been presented. As- 
sumptions and limitations were the same as those used in single-stage 
studies previously reported. The principal 1Fmit, that of fmpulse across 
any blade row, was studied i n  de taf l  and resulted in  a range of stage- 
work s p l i t  and velocity-diagram garameters f o r  a given work-speed param- 
e te r  X. The combination of these parameters yielding the maximum e f f i -  
ciency f o r  a given X and e x i t - w h i r l  condition was used in describing 
the resul ts  of the analysis. These results are as follows: 
1. The turbine with zero exit whirl  attained a mximm t o t a l  ef f i -  
ciency of approximately 0.89 a t  X = 0.50.  The efficiency then decreased 
a6 1 was reduced u n t i l  a t  the lower Umft of X = 0.125 the t o t a l  ef'fi- 
ciency was approximately 0.82. The static-efficiency trends were similar 
but at  lower efficiency values. As X was reduced f r a m  0.50 the stage- 
work s p l i t  was altered fram 50-50, the first stage develqping progres- 
sively more of the work Until a t  the lower limit of X = 0.125 the work 
s p l i t  75-25 
2. The primary e f fec t  of Fnrposing negative exit whirl was to reduce 
the lower limit of 1 a t  w h i c h  the impulse limit was encountered. As 
X was reduced below 0.125 in t h i s  manner, the efficiencies decreased 
quite markedly. The work s p l i t   a l s o  tendled t o  return t o  831 equal spli t ,  
theoretically returning t o  50-50 as X approached zem. 
3. For a given X where a range of turbine &t w h i r l  -vas cm- 
sidered. (0.25 and below), the maxirmun total. efficiency  increased  slightly 
as negative exit whirl was imposed. The maximum ra t ing and s t a t i c  effi- 
ciencies were approxbately constant over the range of w h i r l  considered 
f o r  a given X. These ?nmdmm efficiencies occurred i n  a l l  cases a t  X 
values below 0.25 a t  a f i rs t -s tage-s ta tor  & t - w h l r l  parameter of ap- 
proximately 2/3 . 
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4. Comparison of results  for  the  two-stage  analysis dth those  pre- 
viously obtained f o r  single-stage  turbines  revealed that, over  the  entire 
range of 'h considered,  the two-sdge turbine  yielded  significantly 
higher  efficiencies. This result  indicates  that,  in  applications  where 
very low values of h are  encountered,  multistage  turbines  become  neces- 
sary when high efficiencies  are  desired. 
5. When an average  stage  work-speed  parameter was used,  the  total- 
efficiency  characteristics of both  the  single-  and-two-stage  turbines 
correlated well. "Ilhus, it appears  that  the  efliclency  trenaS  obtained 
in this  manner  can  be  used in the study of multistage  turbines. 
In conclusion, it is t o  be  emphasized that the  purpose of the anal- 
ysis  presented i n  this  report  is  to  indicate  the  effect of variations in 
work and  speed  requirements on the  efficiency  level. Constants used  over 
the  range of X considered  were  obtained  from  well-designed high- 
specific-weight-flow turbojet turbines. A study of' these constants and - 
assumptions  indicated  that  altering  them  in  the  direction  of  the  range 
encountered i n  turbopump and  accessory-drive turbines t&da to  reduce 
the efficiency considerably. 'Therefore, the efficiency levels presented - 
in  the analysis are  probably  greater  than those expected for these tur- 
bines  with low work-speed  parameters. 
Lewis Flight Propulsion  Laboratory 
National Advisory Cccnrmittee for  Aeronautics 
Cleveland, Ohio, June 13, 1957 
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A 
B 
C 
E 
A l l 1  
J 
K 
L 
n 
P 
U 
V 
w 
W 
'IX 
h 
turbine blade surface area, sq f't 
parameter equal to  K w A 
parameter describing velocity-dfagram type for stage total-  
efficiency equation 
specific kinetic-energy level, Btu/ lb  
acceleration due t o  gravi ty ,  32.17 ft/sec2 
specific enthalpy, Btu/lb 
specific work output, g tu / lb  
mechanical equivalent of heat, 778.2 Ft- lb/Btu 
constant of proportionality 
loss in  k ine t ic  energy, Btu / lb  
number of  stages 
pressure, lb/sq f t  
mean-section blade speed, ft/sec 
absolute gas velocity, ft/sec 
re la t ive  gas velocity, ft/sec 
weight-flow rate, lb/sec 
total  efficiency, based on total-pressure ratio across turbine 
static efficiency, based on ra t€o of to ta l   to   s ta t ic   p ressure  
across turbine 
rating  efflciency,  based on total   pressure upstream of turbine and 
pressure downstream of turbine equal t o  sua of  s ta t ic   pressure 
and axial component of velocity head 
work-speed parameter, U2/gJ& 
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Subscripts: 
a 
av 
b 
i d  
R 
r 
3 
ST 
U 
X 
0 
1 
2 
3 
4 
first s tage 
average 
second stage 
ideal 
rotor 
reference 
s ta tor  
stage 
tangential conrponent 
ax ia l  component 
upstream of turbine 
s ta t ion  between fFrst-stage  stator and rotor 
s ta t ion between stages 
s ta t ion between second-stage s ta tor  and rotor 
downstream of turbine 
Superscripts : 
t absolute 
over -all  
- 
t o t a l  state 
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KJ 
KJ 
LD 
d 
% 
ld 
rQ 
c 
The over-all total-efficiency equation with reheat is developed in 
terms of enthalpy ratios from the enthalpy-entropy diagram of  figure 13. 
The general equation for over.-all total efficiency (eq . (7) ) can be 
written as 
Dividing  equation (Bl) by h; gives 
Figure 13 shows that the following enthalpy ratios are equal,  since they 
represent isentropic drops in enthalpy as a r e s u l t  of the same pressure 
r a t i o  : 
Solving equation (E) for  EL, id and substituting into equation (B2) 
yield 
U 
The stage total efficiencies expressed i n  t e r n  of enthalpy are 
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Equations (Ea) and ( E b )  can be solved f o r  hk,id/h;l and 
respectively, and SUbs tF tUted  into (a) t o  give 
Expanding terms i n  the denominator yFelds 
Now 
Also, 
U 
" . . .. 
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Substituting equations (B8) and (B9) into (B7) resu l t s  in 
Cancelling out Ah’&, putting a l l  three t e r n  i n  t h e  denominator i n  
terms of a common denominator, and inverting yield 
Since equation (13) can be altered t o  
equation (B11) can be modified to  
Equation (B12)  becomes the same 8s (9) when Ah1&+0; that is, when 
no reheat effect  is considered. Equation (B12) was used to obtain the 
curves i n  f igure 12(d), where t h i s  reheat effect is presented for the 
three examples. 
1. Stodola, A. : Steam and Gas Turbines. Vol. I. McGraw-Hi11 Book Co . 
lnc., 1927. (Reprinted, Peter Smith (New York) , 1945. ) 
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2. Stewart,  Warner L.: Analytical  Investigation of Single-Stage-Turbine 
Efficiency  Characteristics  in Terms of Work and  Speed  Requirements. 
NACA RM E56G31, 1956. . .  
3. Wintucky, William T., and Stewart, Warner L.: Analysis of Efficiency 
Characteristics of EC Single-Stage  Turbine  with  Downstream  Stators 
in Terms of Work and Speed  Requirements.  NACA RM E56J19, 1957. 
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TABLE I. - F"I0NAL RELATIONS AND CALCULATION PRD 
USED OBTAINmG TWO-STAGE-WRBTME E X F I C I E N C Y  
C€IARACTESISTICS 
(a) Functional relations 
Equation I Functional re la t ion  I 
(b) Calculation  procedure 
Quantity \Obtained from I Quantities  needed i 
I 1 I I I I I I 1 
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TABU 11. - KESULTS OF MAXIEILJ”El?FICICY CALCULATIONS 
T Maximum over-all r a t ing  and static efficiencies, W i m u m  over - d l  t o t a l  
ef f Fcfency , - 
rl 
Furb ine 
sxi t - 
whirl 
param- 
ster ,  
Avu, b 
vu,4 
Over - 
a l l  
work- 
speed 
param- 
eter,  
x 
0.500 
.375 
.250 
.200 
.150 
.125 
0.200 
.196 
.170 
.14Q 
.111 
0.150 
.130 
. n o  
.09$ 
3.100 
,090 
. .080 
.071 
3 .OS0 
.047 
.044 
.042 
*A ‘ 
Xb Vu,l 
Avu, a 
1.00 
.66  .50 
.67 .60 
.90 .80 
1.00 
.67  .50 
.61 .50 
0.50  0.69 
.50 .70 
.40 .65 
.40 .58 .40 .65 
0.40 0.61 
.40 .62 
.30 .58 
.30 .64 
3.30 0.65 
.26 .64 
.23 .62 
.ZO .61 
0.12  0.58 
.11 .58 
.11 .58 
.10 .57 .. 
f% 
257 
0.50 
.53 
.58 
.60 
.70 
.75 
0 1 .oo 
.80 
.60 
S O  
.50 
.50 
1 .oo 
.90 
.67 
.66 
.61 
.67 
0.894 
.891 
.878 
.a66 
.842 
.817 
0.806 
,803 
.793 
.783 
.763 
.743 
0.783 
.782 
.774 
.761 
735 
0.894 
.891 
.878 
.866 
,842 
.817 
-0.1 0.50 
.810  .65 .40 .842 .58- .40 
.859  .65  .40 
.867 .70 .50 
0.869 0.69 
0.30  0.60  0.85  
.30  .62  .843 
.30 .58 
.799 .64 .30 
.824 
3.20 0.55 0.825 
.ZO .60 .813 
.20 .60  .797 
.20 .61 .775 
3.10 0.53  0.746 
.10 .55 .735 
.10 .53  .721 
.10 .57  .707 
0.60 
.61 
.58 
.65 
.72 
0.62 
.68 
.63 
.69 
0.866 
.864 
.856 
.839 
.808 
0 338 
,825 
.808 
.786 
0.760 
.749 
.735 
.717 
-0.2 
~ 
-0 -3 0.780 
.766 
.748 
.730 
0.712 
.700 
.685 
.670 
0.67 
.66 
.65 
.64 
-0 - 4  0.615 
.601 
.585 
.572 -
3.572 
.560 
.546 
.535 
. .  
0.59 
.59 
.58 
.57 
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-.5 -.4 -.3 -.2 -.l 0 
Turbine exit-whirl parameter, Vu,&Vu,b 
Figure 2. - Graphical  description of limits imposed 
on aver-all work-speed parameter. 
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0 .2 .4 .6 .a 1.0 
FFrst-stage-dator exit-whirl parameter, V,,l/AVu,, 
Figure 3. - Over-all total-ef'ficiency characterbtica; turbine exit- 
whirl parameter, vU,.J~vuJb, 0. 
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First-stage-stator exit-whirl p a r m t e r ,  Vu,l/AVu,a 
Figure 4. - Over-all static-efficieacy charackeriatice; turbine exit- 
w h i r l  parameter, Vu,4/AVu,b, 0. 
c m m m  
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.90 
.80 
0 .10 .20 .30 .40 .SO 
Over-all work-speed  parameter, X 
Figure 5. - Two-stage-turbine  maximum-efficiency  character- 
istics;  turbine  exit-whir1  parameter, Vu,4/AVu,br 0. 
-80 
0 
2% o Calculated 
i 3 . 7 0  
q + > -  m 
C k r I  
A d  
h 
f .60 
d o  0 ,  
-P a 
P; 
I I 
.10 .x) .30 .40 
Over-all work-speed  parameter, X 
M.gure 6. - Work  split  corresponding to turbine maximum t o t a l  
efficiency;  turbine  exit-whirl  parameter, vu,$/Avu,b , 0. 
0 
FII 
m a  RM E m 1 2  
I 
E 
5 
0 
.701 I I I I I I I I 
Over-all work-speed parameter,l 
Figure 8. - Over-all maximum-efficiency 
characteristics with exit whirl .  
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- .1 - .2 
- .3 - .4 
Zero exit w h f r l  "- 
Over-all work-speed paxameter, X 
Figure 9.  - Work-split characteristics w i t h  exit whirl. 
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. 
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0 . IQ -20 -30 .40 .50 
Over-dl  work-speed  parameter,^ 
Figure 10. - Comparison of 1-, l*-, and 2-stage- 
turbine efficlencg characteristics over range 
of work-speed parameter from 0 to 0.50. 
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Zero ex3t whirl 
.90 
I C  
b 
LI 
2 
.80 
G Ql
i!i *70 
k 
74 
-P 
0 
8 
.60 
0 .x) .40 e 6 0  .80 I .oo 
Average stage mrk-speed parameter, XST,av = X n  
Figure 11. - Compezison of two-stage and single-etage total 
efficiencies  on a per stage basis. 
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Figure 12. - EZfect of assqptione and conetants on over-all turbine performance. - 
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1.0 1.5 2.0 2.5 1.0 1.5 2.0 2.5 
(c) Effect of  increased exit axial kinetic energy. 
Efficiency 
Total, ij 
--- - s ta t ic ,  9, 
.50 
0 .I .2 .3 .4 .5 
Figure 12. - Concluded. 
turbine perfarmance. 
u 
0 .1 .2 .3 .4 .5 0 .1 .2 .3 .4 .5 
‘& 
(a) Wfect of reheat. 
Effect of assrmrptione end constants on over-all 
45 
hd, - - 
Entropy 
Figure 13. - Two-stage-turbine characteristics on 
enthalpy-entropy diagram. 

